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A Lifting-Surface Solution for Vortex-Induced Airloads

Wayne JoHNsON*
M assachusetts Institute of Technology, Cambridge, Mass.

Planar lifting-surface theory is applied to the problem of the loads induced on an infinite
aspect-ratio wing by a straight, infinite, free vortex in a subsonic, compressible, freestream;
the vortex lies in a plane parallel to the plane of the wing, at a given distance below it, and at an
arbitrary angle with the wing centerline. The solution is obtained in the form of an aerody-
namic influence function for an infinite aspect-ratio wing in an oblique, sinusoidal gust. - The
lifting-surface theory kernel function for this wing is presented. This kernel includes as
limits the linear, aerodynamic kernel funetions for the problems of steady, three-dimensional
flow and unsteady, two-dimensional flow, and for the problems of incompressible, two-di-
mensional flow and transonic, three-dimensional flow. An approximate analytic expression
is given for the lift influence function, suitable for practical use in the routine calculation of

vortex-induced airloads.

Nomenclature

b = wing semichord

G4,G = normalized differential pressure (aerodynamic in-
fluence function)

g-4, g = aerodynamic influence functions

gm, gc

= distance of vortex below wing

K4 K = aerodynamic kernel functions

IAL = differential pressure on lifting surface (L also denotes
section lift)

M = freestream Mach number

P = perturbation pressure

|4 = freestream velocity

w = downwash velocity

@ = Prandtl-Glauert compressibility correction factor:
a?=1— M2

8,B = elliptic and hyperbolic domain parameters: g2 =
—B%* =1 — (M /sinA)?

A = angle between vortex and wing

v = wave number

¢ = velocity potential

v = acceleration potential

() = Fourier transform

Coordinate systems

(z,4,2) = original coordinate system of model problem
(s’yr';z) = coordinate system translating with vortex
(s4,r4,2) = coordinate system for loads

(s,r,2) = coordinate system for circulation

Introduction

N many operating conditions, a large contribution to the har-
monic air-loading on a helicopter rotor blade is due to the
passage of the blade very close to the strong tip vortex from a
preceding blade. Although this source of harmonic airloading
has long been recognized,! a practical method for accurate cal-
culation of the loads induced by a nearby vortex has not been
avgilable. In the calculation of the aerodynamic loading on a
hehcopter rotor blade, it has been customary to use lifting-
line theory.? Tt is assumed that the flow over the blade is
locally two-dimensional, and the influence of the rest of the
blade and the rotor wake is represented only by a uniform
downwash at the blade section. Then two-dimensional, un-
steady-airfoil theory (or experimental or empirical section-
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loads data) is used to obtain the section lift and moment.
The accuracy of the airloads in current calculations is re-
stricted by the use of lifting-line theory. It is a well estab-
lished limitation that lifting-line theory is not valid for the
large variations of the downwash along the span associated
with a nearby vortex; moreover, this theoretical limitation is
compounded by the practical difficulty of handling in sufficient
detail the shed and trailed wake induced by this vortex.
Therefore it is necessary to turn to the more accurate lifting-
surface theory to obtain the vortex-induced airloading.

Lifting-surface theory is a well-developed aerodynamic
tool.? Tt is however characterized by a large amount of cal-
culation required to obtain the loading for a single case. The
problem of the loads induced on a fixed wing by a free vortex
has in fact been studied using a direct application of the
standard lifting-surface theory techniques.*® The extent of
the caleulations involved in these methods, as well as the dif-
ficulties encountered in applying them to the particular
downwash distribution due to a free vortex, prohibit the
direct application of the conventional lifting-surface theory
techniques to the already highly iterative calculation of ro-
tary-wing airloads. The proper procedure is to construct a
sufficiently general model for the vortex-induced-airloads
problem and to obtain the loads in this model using lifting-
surface theory. Then the solution for this model problem
may be routinely applied to the caleulation of rotary-wing
airloads.

The model used for the vortex-induced-airloads problem is
an infinite aspect-ratic wing in a subsonic, compressible,
freestream, and a straight, infinite vortex at an arbitrary
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Fig. 1 Model problem for vortex-induced airloads.
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V Vsin A

N\ V/tanA

Fig. 2 The coordinate systems used: the (x,y) system is
fixed; all the others are translating with the free vortex;
the third axis for all systems is z, directed upward.

angle A with the wing (Fig. 1). The vortex is considered a
straight line, thus the distortion of the vortex by the flowfield
of the wing is an aspect of the probelm that is not treated here
at all. The vortex lies in a plane parallel to the plane of the
blade, at a distance & below it, and is convected past the
blade by the freestream. Thus the vortex induced downwash
in the plane of the wing is a one-dimensional downwash field,
depending only on the perpendicular distance from the line
that is the projection of the vortex on the wing plane. The
model problem is generalized to include any such convected,
one-dimensional downwash field. Only the range /2 < A
< 7 will be considered; the results for 0 < A < /2 follow
from symmetry. For A = =/2, the problem becomes the
steady, three-dimensional flow due to a perpendicular to the
wing. For A = m, it is the unsteady, two-dimensional flow of
a point vortex past an airfoil. Some singular behavior of the
problem may be expected, as the first of these limits is an
elliptic problem, whereas the second is hyperbolic (due to the
time dependence). The transition between the elliptic and
hyperbolic problems will be shown to occur at M = sinA.
Because of the infinite geometry of the model, the problem
is steady in a coordinate system with its origin translating
along the blade centerline, following the projection of the
convected vortex. A natural coordinate system for such a
translating frame of reference has one coordinate (s’) aligned
in the direction of the free vortex (Fig. 2). In this frame of
reference the vortex is stationary, so the problem is steady
and there is no shed vorticity (wake vorticity normal to the
direction of the relative freestream, generated by time-varying
blade circulation). Thus both the induced wake-vorticity
behind the wing and the relative freestream velocity in this
coordinate system must be in the direction of the free vortex
(the s’ direction). The relative freestream Mach number in
this translating coordinate system is M /sin A, and the wing is
swept at an angle A to the relative freestream. The magni-
tude and direction of this relative freestream may also be
found geometrically from the vector sum of the actual free-
stream (V) and the velocity of translation of the steady coor-
dinate system (V/tanA), as shown in Fig. 2. Tt is seen that
the relative freestream attains a sonic value, M /sinA = 1, at
the transition between the elliptic and hyperbolic domains.
Linear lifting-surface theory is used to obtain the solution
to the model problem in the form of an integral equation re-
lating the pressure and downwash at the wing surface. This
integral equation isa double integral over the wing surface; it is
transformed into a single (chordwise) integral by the use of the
Fourier transform with respect to the span variable. The
kernel function in this integral equation is the general aerody-
namic kernel for an infinite aspect ratio wing with the vor-
ticity in the wake in one direction only, and no variation of
-the vorticity strength along that direction (these two condi-
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tions are actually equivalent due to continuity of vortex lines
in the wake). For such a wing there is a coordinate system
translating along its centerline in which there exists only
trailed vorticity (vorticity in the direction of the relative free-
stream). Thus this kernel is more restricted than the general
unsteady, three-dimensional kernel, which includes both
trailed and shed wake-vorticity. The existence of such a
steady coordinate system means that with the use of the
Fourier transform there is one wave number which includes
both the time and spanwise variables, in a particulatr combina-
tion specified by the geometric parameter A. For A = /2,
this kernel is a form of the kernel function for a steady three-
dimensional, lifting surface (as, for example, in Ref. 6). For
A = m, it is the kernel for the unsteady motion of a two-di-
mensional airfoil in compressible flow (Possio’s kernel, as in
Ref. 7).

The downwash in the integral equation must be such that
it is steady in some frame of reference translating along the
blade, so that the kernel function (the arrangement of the
wake vorticity) previously deseribed is applicable. Also,
here is sought the response of the wing to disturbances caused
by external agents in the flow, rather than by the motion of
the wing itself, and so convected along with the flow. The
appropriate downwash is like that due to a skewed free vortex;
it is a one-dimensional (depending only on '), convected
downwash field. With the use of the Fourier transform this
downwash field is replaced by a sinusoidal gust, at an angle A
with the wing, with the crests aligned with the vortex
direction (the s’ axis). For A = /2, the downwash is
steady, with sinusoidal variation along the span of the wing.
For A = 7, the problem is a two-dimensional airfoil in a
sinusoidal gust. The incompressible, two-dimensional case,
A = mand M = 0, may be solved in closed form using the
standard results of thin airfoil theory; the solution for the
lift for this case is the Sears function.®

The infinite, straight geometry of the wing and the vortex
or downwash field is necessary in order for a steady frame of
reference to exist for the problem. It also allows the intro-
duction of the Fourier transform into the integral equation.
By replacing the spanwise variable by the wave number
(which appears simply as a parameter), it reduces the integral
equation from a double integral to a single integral, a great
simplification for numerical computation. The use of the
Fourier transform also depends on the linearity of the prob-
lem, and in this respect it has greater significance. The
consideration of only small disturbances leads to linear lifting-
surface theory. For a linear system, the aerodynamic loads
respond to the harmonic content of the downwash; that is,
the physical significance of linearity is that a downwash of
one wave number induces only loads of that same wave
number. Thus, rather than obtain the loads due to a specific
downwash, it is only necessary here to solve for the loads due
to a sinusoidal gust. The solution is in the form of the air-
loading due to a harmonic input at a given wave number and of
unit amplitude; it may be considered an aerodynamic in-
fluence function. The solution for a specific downwash is then
obtained by the principle of superposition. The considera-
tion of only harmonic excitation, rather than a specific down-
wash or even a family of downwash fields, is a standard tech-
nique in unsteady aerodynamies; the simplification due to
this step is particularly important in the present problem
where there are already two parameters of the model, M and
A, and the introduction of other parameters from the down-~
wash field would make it impossible to find a sufficiently gen-
eral, yet practical solution. For a linear system the proper
procedure is the indirect approach of first obtaining the general
aerodynamic influence function. The consideration of har-
monic excitation here in terms of a span wave number rather
than a frequency points out a fact that tends to be neglected
in unsteady aerodynamics: the influence function has little
value in itself, but must be used with the principle of super-
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position to obtain the actual loading due to a particular (but
also sufficiently general) family of downwash fields.

An arbitrary downwash field encountered by a wing may be
represented as a superposition of one-dimensional, convected
downwash fields over the entire range of angle A. This is
equivalent to a double-Fourier-integral representation of the
downwash, and thus the aerodynamic influence function for a
sinusoidal gust is applicable to fully two-dimensional down-
wash fields. This is a spectral-analysis approach, and besides
the application to discrete downwash fields, it is probably more
useful applied to a turbulent gust. For this application,
Filotas® arrived at the same model problem considered here,
although he treated only the incompressible case. As his
aims differed from those presented here, so also his means and
results differed. These will be discussed further below.

Derivation of the Integral Equation

In what follows all quantities are nondimensional, based
on the fluid density, the wing semichord, and the freestream
velocity (p,b,V). The several coordinate systems used are
shown in Fig. 2. The (s',7’) system is the translating coordi-
nate system, with s’ aligned in the vortex direction. The
(s4,r4) system is the one in which the problem must be solved
to obtain the loads. One coordinate is along the span (so the
Fourier transform may be used) and the other is in the chord-
wise direction (along which it is necessary to integrate to ob-
tain the section airloading). The blade leading and trailing
edges are given by s4 = =+1; this system is orthogonal. The
(s,r) system is the one in which the problem must be solved to
obtain the circulation. One coordinate is along the span (so
the Fourier transform may be used) and the other is in the
s’ direction (along which it is necessary to integrate to obtain
the circulation). The s metric has been stretched so that the
blade leading and trailing edges are still given by s = +1;
this system is not orthogonal.

The solution is most conveniently formulated in terms of the
acceleration potential ¥. The linearized equation of motion
is

[V2 — M2(0/0z + 0/08)2]y = O (1)
where
¥ = (9/0or + d/d)¢p = —p 2)

Here ¢ is the velocity potential and p is the perturbation pres-
sure. The boundary conditions are

0o e
)0 w on the airfoil 3)
Ay = — Ap = 0 off the airfoil 4)

where A means the difference between the quantities at z
= 0*andatz = 0. Here the downwash w is a function of r’
only. In the (s,r') system the equation of motion becomes

{11 — (M/sinA)?](22/0s2) + (D2/0r'%) + 0%/} =0 (5)
¥ = —p = (1/sinA)0¢/0s’ (6)

It is seen that in this system the problem is indeed steady, and
elliptic or hyperbolic as M /sinA is less than or greater than
one.

The elementary lifting solution for the acceleration poten-
tial is the dipole solution, denoted by ¢.. Using super-
position, the acceleration potential at an arbitrary point due
to a lifting surface may be written

Wotrnd) = [ [ Laonpnputss i Ddordpt (7)

where s,’ = s’ — o', 7,/ = ¢/ — p’, and LA(s4,r4) is the dif-
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ferential pressure across the lifting surface:

LA(sArd) = —Ap = AyY (8)
It is the advantage of the acceleration potential that the
boundary condition off the airfoil, Ay = —Ap = 0, is auto-

matically satisfied by placing the elementary solutions only
on the lifting surface. Integration of Eq. (6) and application
of the boundary condition on the airfoil gives

a o
! —_ 13 il
o =2 f

where s, = s — ¢; the notation in the integrand means that
is expressed as a function of s by means of the coordinate
transformations between the (s4,r4), (s’,#’) ,and (s,r) systems,
and then the quantity s, is replaced by the quantity (s, — \).
Substitution of Y from Eq. (7) gives the integral equation:

we) = [ 5[

. p—— A, A
lhﬂ%azf Valoosox A ]dcr dpa  (10)

8o =80 —\ N (9)

It should be noted that here o denotes the Prandtl-Glauert
compressibility factor: a2 =1 — M2 Writing LA(s4,r4) as
a Fourier integral

LA(srt) = f 7 La(sAp)erridy (11)

and taking the Fourier transform of the integral equation
gives

1 . v v
4 4 alga ——)dot =
f—l G (U smA) K (S ’ s1nA> ’
_ei(v/sinA)sﬂcosA (12)

where s,4 = s4 — g4. It is seen that the downwash now is
just an oblique, sinusoidal gust, ¢*¢/sind)stcosh  The kernel
function is

KA(s,4,9/sinA) =

2w b —'iu’r,, = f
l:— = f-m e hmb Ya

and the aerodynamic influence function is
GA(s4,p/sinA) =
LA(s4,v/sinA)/ [(2m/ @) (1/sinA)w(v/sinA)]  (14)

So=3S0—\ d)\dro] (13)

where 1/sinAw(v/sinA) is the Fourier transform of w(r’) with
respect to 74, at s4 = 0. The wave number has been written
in the form »/sinA; this quantity has the limits of a span
wave number for A = /2, and of a reduced frequency for
A = m. Itisin fact the wave number of the sinusoidal gust.

The integral equation may be also obtained in the (s,r) sys-
tem, as

[ Gop/snMK (sop/sinnyis = =t (5)

where s, = s — o. The aerodynamic influence function is
G(s,v/sinA) = L(s,p/sinA)/[(27/ ) (1/sinA)w(v/sinA) ]
(16)

where L(s,v/sinA) is the Fourier transform with respect to r
of the loading L(s,r) = — Ap. The kernelis given in terms of
K4 by

K (80,p/sinA) = e i¢/sind)sccosAKa(s,4 = s,,v/sinA) 1
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a result that follows simply from the properties of Fourier
transforms, the coordinate transformation between the (s,r)
and (s4,r4) systems [s, = so4 and r, sinA = 7,4 sinA + s,4
cos A; recall from the discussion of the coordinate systems
that the (s,7) system is not orthogonal, and furthermore that
the s metric has been stretched by a factor of 1/sinA ], and the
fact that the kernels are themselves Fourier transforms (K
with respect to r, and K4 with respect to r,4).

The kernels depend on the parameters M and A ; specifically
they depend on the sign of the quantity

B*= —B? =1 — (M/sinA)? (18)

that is, on whether the flow is in the elliptic or hyperbolic
domain. The derivation of the kernel functions will not be
given here, since it follows the standard techniques of aerody-
namic theory; in particular it is very similar to Possio’s
method.” The detailed derivation of the kernels may be
found in Ref. 10.

Elliptic Kernel

The elliptic domain is given by M < sinA, or 82> 0. The
elliptic kernel may be written

KﬁA(soA,,,/SinA) = ¢i(v/sinA)sodcosA {ei“"s°d[:taK1(a|soA|) +

ia#Ko(alsaAl)] -z _l:m +In g;ﬁ/}]

a -+ cosA

1 AN2ZT-12 pralsa _
v (YT L e kor] a0

where

+ = sAs4| (20a)

a = (1/a)v/sinA[l — (cosA/a)?]!/? (20b)
u = —cosA/a[l — (cosA/a)?]~1/2 (20¢)
ap = (1/a)(v/sinA)(—cosA/a) (20d)

and K,, K, are modified Bessel functions. For A = /2, the
kernel may be written as

Kg#(s,Ap/sinA) = — i g ;172 %
St

[1 + (SOAZ + a2roA2)1f2

which may be identified as the Fourier transform of the
steady, three-dimensional, lifting-surface kernel.

] dro4 (21)

Hyperbolic Kernel

The hyperbolic domain is given by M > sinA, or B2 > 0.
The hyperbolic kernel may be written

. I ™
KpA(soA,p/sinA) = e’(”/smA)sf’Ac"SA[E gianset 3¢

11 v
FaH, D (als.4])) —iauH,® (a|s,A)] — < = —
[FaH\?(als4]) —ianH, (asA])] 5 = sk X
—cosA +a __ w1 » cosA\?2 —1/2
In —cosA — angasinA [(T) B l:l X

: LGISQA’ eTHEH D (5)dE  (22)

where
b = st/[s,4] (23a)
a = (1/a)(v/sinA)[(cosA/a)? — 1]M2 (23D)
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u = (—cosA/a)[(cosA/a)? — 1]71/2 (23¢)
ap = (1/0)(v/sinA) (— cosA/a) (23d)

and H,®, H,? are Hankel functions. For A = =, and writ-
ing »/sinA = k (a reduced frequency), the kernel function
may be identified as Possio’s form of the kernel for unsteady,
compressible flow about a two-dimensional thin airfoil.” Also
then for this limit the compressed span variable 74 sinA should
be interpreted as the time variable.

The kernels in the two domains are actually fundamentally .
related, and one may be obtained from the other by noting
that 8 = ¢B.

For »/sinA = 0 the kernels reduce to

KA4(s,4,0) = K(s,0) = 1/s,4 (29)
For this kernel the integral equation inverts directly to give
GA(s4,0) = — (1/m[(1 — s1)/(A + sz (25)

The limit »/sinA — 0 corresponds to a wavelength of the
sinusoidal gust very large compared with the wing chord.
The problem reduces to a two-dimensional airfoil in a uniform
downwash, and Eq. (25) is the standard result from thin-air-
foil theory.

Transitional Kernel

The transitional case is M = sinA or 8 = B = 0. The
equation of motion (5) then becomes

[@%/or') + (0*/029) ¢ = 0 (26)

which is simply Laplace’s equation in two dimensions. The
reduction in dimensions in the equation of motion indicates a
violation of the linearity assumption. To examine the nature
of this case, it is necessary to return to the exact equation for
the velocity potential in three-dimensional, unsteady, com-
pressible flow. The equation for the first order potential
when M =2 sinA may be obtained, and it is of exactly the
same form as the equation for the potential in three-dimen-
sional, steady, transonic flow; indeed, for A = #/2, that is
exactly what the transitional case becomes. For A > 7/2
this is not a transonic flow, of course; there is no region where
the flow has sonic velocity as long as M is less than one.
There is however an important velocity that has become
sonie, namely the vector sum of the Mach number and the
velocity of translation of the vortex along the blade center-
line; this is just the relative velocity in the (s’,r") frame of
reference, so the transitional case is given by M /sinA = 1.
It is this combination of the physical and geometric velocities
at the sonic velocity, acting as a disturbance reinforcement
process, that makes the linear assumption not valid. Because
of the nonlinearity of the correct equation of motion for the
transitional case (the transonic flow equation), it is not
possible to obtain an aerodynamic influence function for this
case, for the existence of such a function is a property of a
linear system only. Properly solved, the transitional solution
would have to be obtained for every particular downwash
distribution, and even if these solutions could be obtained
they would be of little practical use in rotary-wing airloads
calculations.

The two-dimensional quality of the linearized problem is
due to the coincidence of the sum of the freestream and vor-
tex-translation velocities with sonic speed; disturbances pro-
duced by the downwash distribution remain exactly in step
with it as both are convected along the blade. Of course,
nonlinearities destroy the exact two-dimensional nature of the
problem, but the two-dimensional problem does roughly
represent the physical character of the transitional case.
Moreover, as a linear problem it does have a solution in the
form of an aerodynamic influence function. Finally, it is at
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least a valid limit of the linear elliptic and hyperbolic results.
For these reasons, only the linearized transitional case is con-
sidered here.

The linear transitional kernel may be obtained as a limit of
the elliptic or hyperbolic kernels. The result is

. ) . ei(l/a)(v/sinA)SoA
KTA(SOA,V/SIHA) — e—z(r/smA)saAa l“ _

S04
1 » T 1 v 1 v
p—— — 1 — (8,4 —_—g = —
zozsinA[“’Jr 5 T n(asinA § [)] o sind <
1 »
IS”A|e:m't_1

f @ sinA
o

It may be seen that the two-dimensional, incompressible
problem, A = mand M = 0, is a special case of the transitional
problem. An examination of the orders of the terms in the
nonlinear transitional equation gives the conditions for
linearization to be valid; it is found that the actual transi-
tional domain (the region in the vicinity of the line M = sinA
where nonlinear effects are important) is a narrow strip with
a width proportional to the Mach number squared. Thus
the linearization of the equation of motion in the two-dimen-
sional, incompressible case is uniformly valid. The very
special nature of incompressible, two-dimensional flow is
well known; here it is seen that the exceptional character of
the flow arises because it is a particular limit of the transi-
tional case, which is itself a singular limit of the general airfoil
problem considered here. For this case alone the integral
equation may be solved in closed form by classical tech-
niques. The loading on a two-dimensional airfoil due to a
sinusoidal gust in an incompressible flow is the Sears func-
tion®; the influence function is

5 . 1 /1 — sa\12
G4(s4,y/sinA) = . (1 T sA> X

[To(v/sinA)C(v/sinA) — iJ,(v/sinA)] (28)

dt} (@7)

where
To(p/sinA) = —Jo(w/sinA) + 4J1(v/sinA) (29)
C(v/sinA) =
H @ (p/sinA)/[H1® (v/sinA) + tHy®@(v/sinA)] (30)

and Jo, J; are Bessel functions. The lift acts exactly at the
quarter chord for all wave numbers, a result that is not true
for any other values of M and A.

The important character of the model problem is that it
includes as limits in M and A several types of flow about a
lifting wing. The transitional region is an essential feature
of this character, for it not only separates the elliptic and
hyperbolic domains, but also joins transonic, three-dimen-
sional and incompressible, two-dimensional flows. It would
be expected that such a transition would be nonlinear. The
disturbance-amplification character of the transitional do-
main will not actually be very important for the calculation of
vortex-induced airloads on a rotary wing, because of the small
probability of the coincidence of M and A at the transitional
case simultaneously with the oceurrence of a substantial peak
in the vortex-induced downwash. It should be of more im-
portance for application of the results to turbulence loads,
where there will be some excitation at all A and »/sinA.

Aerodynamic Influence Functions

The influence function G4 is written as a Glauert series:

G4(s4,p/sinA) = io Gt (v /SinA)f(s4) (31)
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where

tan8/2 n

folst) = {sin(nﬁ) ni 1 s4 = cosf (32)

and & similar expression is used for G(s,»/sinA). The section
lift, moment, and circulation may then be obtained by inte-
gration over the airfoil chord. The aerodynamic influence
functions for the section lift, moment about the quarter
chord, and circulation are

L{y/sinA) _
(/@)1 /sinA)b(v/sinA)

T[foA(v/sinA) + 33:4(v/sind)]  (33)

ch(V/SiIIA) _
(2w /) (1 /sinA)B(v/sinA)

Gr(v/sinA) =

gu(v/sinA) =

™

2 [Gi4(r/sinA) 4 GoA(v/sinA)]  (34)

_ T'(v/sinA) _
T (2n/a)(1/sinA)w(y/sinA)

Fe(v/sinA)

wldo(v/sinA) + 3G (v/sinA)Je 508 Y (35)

All these are Fourier transforms with respect to r4: 27/« is
the lift curve slope at »/sinA = 0, and 1/sinA %(y/sinA) is
the Fourier transform of the downwash w(r’) with respect
tord, ats4 = 0.

For all values of M and A except the incompressible, two-
dimensional case, the integral equation must be solved
numerically for the influence functions. However, for routine
application of the influence functions, numerical results are
not very useful, particularly with the results in terms of wave
number. Thus the exact numerical solutions must be used
to produce approximate analytic expressions for the influence
functions. The requirements for the approximate expres-
sions are that they accurately represent the behavior of the
magnitude and phase over the required range of wave num-
ber, and furthermore that they be in a form convenient to use
as Fourier transforms. The downwash due to a free vortex
a distance A below the wing is

w(rd sinA) = (I./27)(—r4 sinA)/[(r4 sinA)? + h?] (36)
and the Fourier transform of this is

T, 1 dv/sinA

Te - IR, —hlv/sinA}
21 sinA 2{v/sinA| ¢ (37)

glrllX W(r/sinA) =
It is seen that for such a downwash distribution the high wave
number behavior of the influence function is not important;
for a minimum vortex distance of the order of 109, of the
chord, it is sufficient to have the influence functions accurate
out to about v/sinA = 6.0, and this is the range that was
chosen for the approximate expressions. An exponential
funetion is very convenient as a Fourier transform [as in Eq.
Eq. (37)], and whereas such a function must at large wave
number underestimate the true influence function (which has
only algebraic decay for large wave number), a sum of ex-
ponential terms can accurately represent the magnitude out
to any finite wave number. Thus the expression constructed
for the lift influence function was

gr(v/sinA) = |:—ac,e_”"]”/5i“M + ta,' sin(bov/sinA) X

v/sinA
lv/sinA| X

L i { bw/sinA —b
e——co’w/smz\[ _el ( w/st :

2
> @n(iv/sinA)im e“c’""’/Si“ACI (38)

m=1
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This expression is accurate for »/sinA out to about 6.0, and for
M up to about 0.9. The constants (am, b, ¢n) are functions
- of M and A, and were evaluated from the numerical solutions;
expressions for these constants are given in the Appendix.
Similar approximations for the moment, circulation, and pres-
sure influence functions may be found in Ref. 10.

A comparison of the numerical and approximate solutions
is shown in Fig. 3, for a typical case M = 0, A = 135°.  Also
shown is the result of an approximate solution obtained by
Filotas.® In the present notation, his expression for the lift

influence function is
T
iy (A - 5)(1 +

3 sinA)

ATAA JOURNAL

surface techniques, and Simons used a lifting-line theory.
From a comparison of the numerical and approximate in-
fluence functions for this case, the present solution should be
valid down to about h/b = 0.25. Extensive results from Eq.
(40) for the entire ranges of M, A, and A may be found in Ref.
10. With a closed form solution available for the induced
loads in a general wing/vortex configuration, the application
of lifting-surface theory results to the calculation of rotary-
wing airloads becomes quite practical.

_ inA) = — .V
gu(v/sinA) exp Zs—in i cosA +

Equation (39) represents the phase very well, while Eq. (38)
approximates the magnitude more closely over the important
range of wave number. Equation (39) is useful for working
with spectra or isolated numerical caleulations, but for routine
application to the calculation of vortex-induced loads an ex-
pression is required such as Eq. (38), which may be inverted
to obtain the actual spanwise loading.

Vortex-Induced Airloading

As an example of the application of the approximate in-
fluence function, Eq. (88), it will be used with the vortex in-
duced downwash [Eqgs. (36) and (37)]. The section lift is ob-
tained by use of the Fourier integral as

L(r4 sinA T,
F ) = e e rasinty sy +
— pV2
o
(h + 00)2] + aol<_bo)[_(TA SinA)2 + (h + 60’)2 +
bt)/{[= (4 $inA)? + (h + ¢')? + bo2]? + 4(r4 sinA)? X

2

, d 2m .
(h + ¢.)2} — 21 am(m) [~ (r4 sinA + b)) cosbs +-

(h + cm) sinbd,]/[(r4 sin + b))% 4 (b + Cm)z]} (40)

Typical results from Eq. (40) are shown in Figs. 4 and 5,
which give the magnitude of the peak section lift as a function
of the vortex height &, for M = 0, A = x/2 and m, respec-
tively. Figure 5 also shows the results of other calcula-
tions.4511 Kfoury and Silver used conventional lifting-

K I T 40

i
EXACT
—-—=— APPROXIMATE (EQ.38}
————— FILOTAS (EQ.39)

w 0.6)-1

[a)

> w
}: L]
b r 20 ;
@ a
Z 0.4

1o
o2

0.0l | i ! oo
0o 20 40 6.0

v/sin A

Fig. 3 Comparison of the exact and approximate lift
influence functions: M = 0 and A = 135°.

y 1 .
14 27 mTA(l + 5 s1nA)

—1/_ . v A -1/2
[1 + SinA(l +ocos®A + - smA)] (39)

Conclusion

A model problem for the caleulation of vortex-induced air-
loads has led to the examination of the nature of the lifting-
surface theory solution for an infinite aspect-ratio wing in an
oblique, sinusoidal gust. This problem encompasses and
shows the nature of the transition between several familiar
types of flow for a lifting airfoil: steady, three-dimensional
flow and unsteady, two-dimensional flow; and two-dimen-
sional, incompressible flow and three-dimensional, transonic
flow. The broad scope of the problem of a wing in a com-
pressible, oblique gust should make the solution a valuable
tool for the calculation of rotary-wing airloads,!? as well as for
applications to such problems as aerodynamic noise'® and
loading due to turbulence.

Appendix: Approximate Lift Influence Function

Numerical solutions for the aerodynamic influence func-
tions were obtained for 37 cases covering the entire ranges of
M and A. From these the constants in the approximate lift
influence function [Eq. (38) ] were evaluated, and then expres-
sions for the constants in terms of M and A were obtained.
Because the nature of the kernel function depends on whether
the case is in the elliptic, transitional, or hyperbolic domains,
the expressions for the constants are different for these re-
gions; the notation for the three domains is

ELP: M <sinA
TRN: M = sinA
HYP: M > sinA

04 T T T [
| —— PRESENT CALCULATION
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U —— sivons (REF I
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0.3/~ i\\ ® SILVER (REF. 5)
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Fig. 4 Peak section lift as a function of vortex height:
M = 0 and A = 90°.
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Fig. 5 Peak section lift as a function of vortex height:
M = 0 and A = 180°.

The constants near the transitional domain are obtained from
the following equation:

A \? 2
S = frr~ e—4(0'—05) + fuvp o BLP [1 - 6_4((%-5) __J

where A = 1 — M/sin A, f is any of the constants am, by, Cnm,
and frry is based on the same M as faype or ferr. This cor-
responds to a transitional region with a width of the order of
that indicated by the nonlinear equation. The expressions
for the constants are given below (it should be noted that
w/2 <sinT!M < 7 to be consistent with the range of A):

b, = 512 + 1.88[(A — sin™M)]/[7/2 — sin—M], ELP
b, = 512, TRN, b, = 512 — 4.12M2, HYP

bi = —cosA,ELP, b =1 — 0.7M3% TRN

by = e 4 0.8(1 — 0.1 sinA)(1 — ¢~1%) HYP

b = a/2(A — 7/2), ELP

2 1/2
e
HYP or TRN

@ =1, a= —[0.434 + 1.00 (1~ sinA)*% — 0.607(1 —
sinA)2%] (1 + 0.33M19), ELP

a = —0917(1 — 0.52M5%), HYP or TRN

a; = [0.0084 4 0.0069(—cosA)18](1 — 0.26 M%), ELP
a: = [0.0153 + 0.0188M — 0.0188172], HYP or TRN
a,’ = [0.554(—cosA) + 0.07 sin2A](1 + 2.183M21), ELP
a’ = 0.554(1 + 0.34M19), TRN

a,’ = 0.554(1 + 4.8M3.1), HYP

¢ = [1.683 4 0.27(1 — sinA)*® — 0.154(1 — sinA)?29]

(1 + 0.72M2%), ELP
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¢ = 1.799(1 + 0.6M2%), TRN

¢ = 1.799(1 + 1.84M34)(—cosA)*%, HYP

e = [1.417 4 0.366(1 — sinA)°# — 0.392(1 — sinA)29)
(1 + 0.26M2%), ELP

e = 1.391(1 + 0.47M2%), TRN

e = 1.391(1 + 0.3M21)(—cosA), HYP

ez = [0.91 + 0.93(1 — sinA)*0 — 1.025(1 — sinA)?-#]
(1 + 0.07M25), ELP

¢ = 0.815(1 + 0.28M°9), TRN

¢2 = 0.815(1 + 0.55M°5)(—cosA)2?, HYP

¢ = 59+ 1L5M
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